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Abstract
We work with spaces (A0, A1)θ,q,A which are logarithmic perturbations of
the real interpolation spaces. We determine the dual of (A0, A1)θ,q,A when
0 < q < 1. As we show, if θ = 0 or 1 then the dual space depends on the
relationship between q and A. Furthermore we apply the abstract results to
compute the dual space of Besov spaces of logarithmic smoothness and the
dual space of spaces of compact operators in a Hilbert space which are close
to the Macaev ideals.
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1. Introduction
The description of the dual space is an important and useful item on
the list of properties of any interpolation method. For the case of the real
method (A0, A1)θ,q where 0 < θ < 1 and 1 ≤ q ≤ ∞, this problem was
considered by Lions and Peetre [32] in their foundational paper of the real
method (see also the paper by Lions [31]). Later Peetre [39] studied the
case when 0 < q < 1. Then (A0, A1)θ,q is no longer a Banach space but a
quasi-Banach space. He proved that ((A0, A1)θ,q)
′ = (A′0, A′1)θ,∞.
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Some applications of the ideas of real interpolation have required to
consider logarithmic perturbations of the real method (A0, A1)θ,q,A, quasi-
normed by
‖a‖(A0,A1)θ,q,A =
(∫ ∞
0
[t−θ`A(t)K(t, a)]q
dt
t
)1/q
where A = (α0, α∞) ∈ R2, `A(t) = (1 − log t)α0 if 0 < t ≤ 1, `A(t) =
(1 + log t)α∞ if 1 < t <∞ and K(t, a) is the Peetre’s K-functional. See the
papers by Evans and Opic [23], Evans, Opic and Pick [24], Edmunds and
Opic [21], Cobos and Segurado [17] and the references given there. Now θ
can also take the limit values 0 and 1, producing spaces very close to A1 if
θ = 1 and very close to A0 if θ = 0. Consider, for example, the couple of
Lebesgue spaces (Lp0 , Lp1). Applying to this couple the real method we can
only obtain Lebesgue and Lorentz spaces, but using the method (·, ·)θ,q,A we
can also get Lorentz-Zygmund spaces.
If 0 < θ < 1,A ∈ R2 and 1 ≤ q ≤ ∞ (respectively, 0 < q < 1) the dual
of (A0, A1)θ,q,A follows from the general results of Persson [40] (respectively,
Cobos [7]). The dual spaces of (A0, A1)1,q,A and (A0, A1)0,q,A have been
described by Cobos and Segurado [17] when 1 ≤ q ≤ ∞. In this paper we
continue those investigations by studying the case 0 < q < 1 and determining
the dual of (A0, A1)1,q,A and (A0, A1)0,q,A in terms of the K-functional.
The main feature of our results is that the parameter q always appears in
the exponent of the logarithms of the resulting spaces. This is a remarkable
difference with respect to the results of [17]. On the other hand, it makes
sense to point out a connection between these abstract results, given by
Theorem 4.3 below, and those on associate spaces of generalized Lorentz-
Zygmund spaces given in [38, Theorem 6.6 (ii)]. See Remark 4.5 below.
The duality results are given in Section 4. They require the description
of the logarithmic spaces in terms of the J-functional that we establish in the
previous Section 3. These results of equivalence are of independent interest
and complement those proved by Cobos and Segurado [17, Section 3].
In the last two sections of the paper we show applications of the duality
results to function spaces and to operator spaces. In Section 5, among other
things, we study the dual of the Besov spaces B0,bp,q defined by using the
modulus of smoothness associated to Lp (1 < p < ∞), having classical
smoothness 0 and logarithmic smoothness with exponent b. These spaces
of smoothness close to zero are attracting considerable attention lately (see,
for example, [5, 9, 12, 11]). With the help of logarithmic Lispchitz spaces
Lip
(1,−α)
p,q (see [27, 28]), Cobos and Domı´ngez [9] have described the dual of
B0,bp,q if 1 ≤ q <∞. We consider here the case 0 < q < 1. On the contrary to
the case 1 ≤ q <∞, if 0 < q < 1 we show that the Lipschitz space involved
in the description of the dual has logarithmic smoothness that changes with
q. In particular, when b = 0 we show that the dual of B0p,q is isomorphic to
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Lip
(1,−1/q)
p′,∞ for 0 < q < 1.
In last Section 6 we consider two scales of spaces of compact operators
on a Hilbert space related to the Macaev ideals (see [33, 25]) and we describe
the duality relationships between them.
2. Logarithmic interpolation methods
Let A¯ = (A0, A1) be a Banach couple, that is to say two Banach spaces
A0, A1 which are continuously embedded in some Hausdorff topological vec-
tor space. For t > 0, the Peetre’s K- and J-functionals are defined by
K(t, a) = K(t, a;A0, A1) = inf{‖a0‖A0+t ‖a1‖A1 : a = a0+a1, aj ∈ Aj , j = 0, 1}
where a ∈ A0 +A1 and
J(t, a) = J(t, a;A0, A1) = max{‖a‖A0 , t ‖a‖A1}, a ∈ A0 ∩A1.
Observe that K(1, ·) is the norm of A0 +A1 = Σ(A¯) and J(1, ·) the norm of
A0 ∩A1 = ∆(A¯).
Let `(t) = 1+|log t|, ``(t) = 1+log(1+|log t|) and for A = (α0, α∞) ∈ R2
put
`A(t) = `(α0,α∞)(t) =
{
`α0(t) if 0 < t ≤ 1,
`α∞(t) if 1 < t <∞,
and define ``A(t) similarly. We also put −A = (−α0,−α∞).
Given 0 ≤ θ ≤ 1, 0 < q ≤ ∞ and A ∈ R2, the logarithmic interpolation
space (A0, A1)θ,q,A consists of all a ∈ A0 +A1 such that
‖a‖(A0,A1)θ,q,A =
(∫ ∞
0
[t−θ`A(t)K(t, a)]q
dt
t
)1/q
<∞
(as usual the integral should be replaced by the supremum when q = ∞).
The space (A0, A1)θ,q,A turns out to be a Banach space provided that 1 ≤
q ≤ ∞ and a quasi-Banach space if 0 < q < 1 (see [23, 24, 17]).
For 0 < θ < 1 and A = (0, 0), the space (A0, A1)θ,q,A coincides with the
real interpolation space (A0, A1)θ,q realized as a K-space (see [3, 42, 2, 4]).
If 0 < θ < 1 and A 6= (0, 0), then (A0, A1)θ,q,A is a special case of the
real method with a function parameter (see [26, 40]). In these two cases,
the properties of the spaces (A0, A1)θ,q,A are well-known. Concerning the
remaining cases, namely θ = 0 and θ = 1, it is enough to study just one of
the two because K(t, a;A0, A1) = tK(t
−1, a;A1, A0) and therefore
(A0, A1)0,q,(α0,α∞) = (A1, A0)1,q,(α∞,α0). (2.1)
Subsequently we focuss on the case θ = 1.
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In order to avoid that (A0, A1)1,q,A = {0} we should assume{
α0 + 1/q < 0 if 0 < q <∞,
α0 ≤ 0 if q =∞,
(2.2)
(see [24, Theorem 2.2]). If α0 = −1/q and 0 < q < ∞, we still get a
non-trivial space if we replace `(−1/q,α∞)(t) by `(−1/q,α∞)(t)``(β0,β∞)(t) with
B = (β0, β∞) ∈ R2 and β0 + 1/q < 0. This leads to the space (A0, A1)1,q,A,B
formed by all those a ∈ A0 +A1 which have a finite quasi-norm
‖a‖(A0,A1)1,q,A,B =
(∫ ∞
0
[t−1`A(t)``B(t)K(t, a)]q
dt
t
)1/q
.
Under the above mentioned assumptions, i.e.{
α0 + 1/q < 0, or α0 = −1/q and β0 + 1/q < 0 if q <∞,
α0 < 0, or α0 = 0 and β0 ≤ 0 if q =∞,
(2.3)
it turns out that
(∫∞
0 [min(1, t)t
−1`A(t)``B(t)]q dtt
)1/q
< ∞. Hence, using
that
min(1, t)K(1, a) ≤ K(t, a) for a ∈ A0 +A1
and
K(t, a) ≤ min(1, t)J(1, a) for a ∈ A0 ∩A1,
we derive that
A0 ∩A1 ↪→ (A0, A1)1,q,A,B ↪→ A0 +A1
where ↪→ means continuous embedding.
It is easy to check that the quasi-norm of (A0, A1)1,q,A,B is equivalent to
‖a‖(A0,A1)♦1,q,A,B =
( ∞∑
m=−∞
[2−m`A(2m)``B(2m)K(2m, a)]q
)1/q
(the `q-quasi-norm should be replaced by the `∞-quasi-norm if q =∞).
Subsequently, we follow the usual notation concerning the symbols .
and ∼: If X and Y are quantities depending on certain parameters, we put
X . Y if X ≤ cY with a constant c independent of the parameters. We put
X ∼ Y if X . Y and Y . X. A similar notation is used for quasi-norms.
When A1 ↪→ A0 with the embedding having norm less than or equal to
1, then K(t, a) = ‖a‖A0 for t ≥ 1. If A = (α0, α∞) and q satisfy (2.2), we
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have(∫ ∞
1
[t−1`α∞(t)K(t, a)]q
dt
t
)1/q
= ‖a‖A0
(∫ ∞
1
[t−1`α∞(t)]q
dt
t
)1/q
≤ c ‖a‖A0
(∫ 1
0
`α0q(t)
dt
t
)1/q
≤ c
(∫ 1
0
[t−1(1− log t)α0K(t, a)]q dt
t
)1/q
where we have used in the last inequality that t−1K(t, a) is a non-increasing
function with K(1, a) = ‖a‖A0 . Whence, we obtain
‖a‖(A0,A1)1,q,A ∼
(∫ 1
0
[
K(t, a)
t(1− log t)−α0
]q dt
t
)1/q
. (2.4)
Equivalence (2.4) shows the connection between logarithmic interpolation
spaces and the so-called limiting real interpolation spaces, studied in [14, 8,
9, 12] among other papers.
If A0 ↪→ A1, with the embedding having norm less than or equal to 1,
then K(t, a) = t ‖a‖A1 for 0 < t ≤ 1. In this case if A = (α0, α∞) and q
satisfy (2.2), then
‖a‖(A0,A1)1,q,A ∼
(∫ ∞
1
[
K(t, a)
t(1 + log t)−α∞
]q dt
t
)1/q
(2.5)
because(∫ 1
0
[t−1`α0(t)K(t, a)]q
dt
t
)1/q
= ‖a‖A1
(∫ 1
0
`α0q(t)
dt
t
)1/q
≤ c ‖a‖A1
(∫ ∞
1
[t−1`α∞(t)]q
dt
t
)1/q
≤ c
(∫ ∞
1
[t−1`α∞(t)K(t, a)]q
dt
t
)1/q
.
To establish some important points of the theory of the spaces (A0, A1)1,q,A
the following J-spaces are useful. Assume that{
α∞ > 0, or α∞ = 0 and β∞ ≥ 0 if 0 < q ≤ 1,
α∞ − 1/q′ > 0, or α∞ = 1/q′ and β∞ − 1/q′ > 0 if 1 < q ≤ ∞,
(2.6)
where 1/q + 1/q′ = 1 if 1 ≤ q ≤ ∞. The space (A0, A1)J1,q,A,B is formed by
all those a ∈ A0 +A1 for which there exists (um)m∈Z ⊆ A0 ∩A1 such that
a =
∞∑
m=−∞
um (convergence in A0 +A1) (2.7)
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and ( ∞∑
m=−∞
[2−m`A(2m)``B(2m)J(2m, um)]q
)1/q
<∞ (2.8)
(again, the `q-quasi-norm should be replaced by the `∞-quasi-norm if q =
∞). We set
‖a‖
(A0,A1)
J,♦
1,q,A,B
= inf

( ∞∑
m=−∞
[2−m`A(2m)``B(2m)J(2m, um)]q
)1/q
where the infimum is taken over all representations (um) satisfying (2.7) and
(2.8). If B = (0, 0), we simply write (A0, A1)J1,q,A.
Condition (2.6) yields that
sup
m∈Z
{
min(1, 2m)`−A(2m)``−B(2m)
}
<∞ if 0 < q ≤ 1,( ∞∑
m=−∞
[min(1, 2m)`−A(2m)``−B(2m)]q′
)1/q′
<∞ if 1 < q ≤ ∞.
(2.9)
Hence, if a =
∑∞
m=−∞ um is a representation of a satisfying (2.7), (2.8) and
1 ≤ q ≤ ∞, it follows from the inequality
‖um‖A0+A1 ≤ min(1, 2−m)J(2m, um)
by using Ho¨lder’s inequality and (2.9) that the series
∑∞
m=−∞ um is abso-
lutely convergent in A0 +A1. If 0 < q < 1, using Jensen inequality and (2.9)
we obtain
∞∑
m=−∞
‖um‖A0+A1 ≤
∞∑
m=−∞
min(1, 2−m)J(2m, um)
≤
( ∞∑
m=−∞
(
min(1, 2−m)J(2m, um)
)q)1/q
≤ sup
m∈Z
{
min(1, 2m)`−A(2m)``−B(2m)
}
×
( ∞∑
m=−∞
[2−m`A(2m)``B(2m)J(2m, um)]q
)1/q
<∞ .
These arguments also show that (A0, A1)
J
1,q,A,B ↪→ A0 + A1. On the other
hand, embedding A0∩A1 ↪→ (A0, A1)J1,q,A,B holds because for any a ∈ A0∩A1
we can represent a as a =
∑∞
m=−∞ δ
0
ma, where δ
i
m is the Kronecker delta.
Hence,
‖a‖
(A0,A1)
J,♦
1,q,A,B
≤ J(1, a) = ‖a‖A0∩A1 .
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If 1 ≤ q ≤ ∞ there is a continuous representation for the J-spaces. It can
be established proceeding as in the case of the real method (see [3, Section
3.2]). Ho¨lder’s inequality is used in the arguments. The outcome is that
(A0, A1)
J
1,q,A,B consists of all those a ∈ A0 +A1 for which there is a strongly
measurable function u(t) with values in A0 ∩A1 such that
a =
∫ ∞
0
u(t)
dt
t
(convergence in A0 +A1)
and (∫ ∞
0
[t−1`A(t)``B(t)J(t, u(t))]q
dt
t
)1/q
<∞.
Moreover
‖a‖(A0,A1)J1,q,A,B = inf
{(∫ ∞
0
[t−1`A(t)``B(t)J(t, u(t))]q
dt
t
)1/q
: a =
∫ ∞
0
u(t)
dt
t
}
is an equivalent quasi-norm in (A0, A1)
J
1,q,A,B.
Let Σ(A¯)◦ be the closure of ∆(A¯) in Σ(A¯). We have that
a ∈ Σ(A¯)◦ if and only if min(1, 1/t)K(t, a)→ 0 as t→ 0 and as t→∞.
(2.10)
Indeed, it follows from The fundamental lemma (see [3, Lemma 3.3.2]) that if
min(1, 1/t)K(t, a)→ 0 as t→ 0 and as t→∞, then a ∈ Σ(A¯)◦. Conversely,
given any a ∈ Σ(A¯)◦ and any ε > 0, we can choose b ∈ ∆(A¯) such that
K(1, a − b) ≤ ε/2. Choose 0 < L < 1 such that for any 0 < t < L we have
t‖b‖A1 ≤ ε/2. Then, if 0 < t < L, we obtain
K(t, a) ≤ K(t, a− b) +K(t, b) ≤ K(1, a− b) + t‖b‖A1 ≤ ε.
This establishes that if a ∈ Σ(A¯)◦ then K(t, a) → 0 as t → 0. A similar
argument shows that t−1K(t, a)→ 0 as t→∞.
By the construction of the J-space, we have that (A0, A1)
J
1,q,A,B ⊆ Σ(A¯)◦,
but this is not always the case for the K-space as we show next by means of
an example.
Example 2.1. Consider the Banach couple of sequence spaces A¯ = (`1, `∞),
let ξ = (1, 1, 1, ...), 0 < q ≤ ∞ and let A = (α0, α∞) ∈ R2 such that{
α0 + 1/q < 0 and α∞ + 1/q < 0 if 0 < q <∞,
α0 ≤ 0 and α∞ ≤ 0 if q =∞.
(2.11)
According to [42, Theorem 1.18.3] we have that K(2m, ξ) = 2m for m ∈ Z.
So, ξ belongs to (`1, `∞)1,q,A because
‖ξ‖(`1,`∞)♦1,q,A =
(
0∑
m=−∞
`α0q(2m) +
∞∑
m=1
`α∞q(2m)
)1/q
<∞.
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However ,
lim
t→∞min(1, 1/t)K(t, ξ) = limt→∞K(t, ξ)/t = 1.
Outside the rank pointed out for α∞ in (2.11), the K-space is always
contained in Σ(A¯)◦ as we show next.
Lemma 2.2. Let A¯ = (A0, A1) be a Banach couple. Let A = (α0, α∞) ,B =
(β0, β∞) ∈ R2 and 0 < q ≤ ∞ satisfying (2.3). Assume in addition that{
α∞ + 1/q > 0, or α∞ = −1/q and β∞ + 1/q ≥ 0 if 0 < q <∞,
α∞ > 0, or α∞ = 0 and β∞ > 0 if q =∞.
(2.12)
Then (A0, A1)1,q,A,B ⊆ Σ(A¯)◦.
Proof. Let a ∈ (A0, A1)1,q,A,B. Then
‖a‖(A0,A1)1,q,A,B =
(∫ ∞
0
[t−1`A(t)``B(t)K(t, a)]q
dt
t
)1/q
<∞
but ∫ 1
0
[t−1`α0(t)``β0(t)]q
dt
t
=∞
and, by (2.12), ∫ ∞
1
[`α∞(t)``β∞(t)]q
dt
t
=∞.
Therefore
K(t, a)→ 0 as t→ 0 and K(t, a)/t→ 0 as t→∞.
According to (2.10), we conclude that a ∈ Σ(A¯)◦.
3. Equivalence theorems between K- and J-spaces
We start with an auxiliary result. If A = (α0, α∞) ∈ R2 and λ ∈ R, we
put Aλ = (α0λ, α∞λ) and A+ λ = (α0 + λ, α∞ + λ).
Lemma 3.1. Let A = (α0, α∞) ∈ R2 and 0 < q ≤ 1 such that α0 + 1/q < 0.
Put
V (2k) =
( ∞∑
m=−∞
[min(1, 2m−k)2−m`A(2m)]q
)1/q
, k ∈ Z.
Then we have:
(a) If α∞ + 1/q > 0, V (2k) ∼ 2−k`A+1/q(2k).
(b) If α∞ + 1/q < 0, V (2k) ∼ 2−k`(α0+1/q,0)(2k).
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(c) If α∞ + 1/q = 0, V (2k) ∼
{
2−k`α0+1/q(2k) if k ≤ 0,
2−k``1/q(2k) if k > 0.
Proof. We have
V (2k)q = 2−kq
k∑
m=−∞
`Aq(2m) +
∞∑
m=k+1
2−mq`Aq(2m)
∼ 2−kq
∫ 2k
0
`Aq(t)
dt
t
+ 2−kq`Aq(2k).
To estimate the integral I =
∫ 2k
0 `
Aq(t)dtt we distinguish several cases. If
k ∈ Z and k ≤ 0, since α0 + 1/q < 0, we get
I =
∫ 2k
0
(1− log t)α0q dt
t
∼ (1− log 2k)α0q+1 = `Aq+1(2k).
This yields that
V (2k)q ∼ 2−kq`Aq+1(2k) for k ≤ 0, k ∈ Z.
Assume now that k > 0, k ∈ Z, then
I =
∫ 1
0
(1− log t)α0q dt
t
+
∫ 2k
1
(1 + log t)α∞q
dt
t
∼
∫ 2k
1
(1 + log t)α∞q
dt
t
.
In the case (a) we obtain I ∼ `α∞q+1(2k), which implies that
V (2k)q ∼ 2−kq`Aq+1(2k), for k > 0, k ∈ Z.
In the case (b) we get I ∼ 1 and so
V (2k)q ∼ 2−kq for k > 0, k ∈ Z.
Finally, in the case (c),
I ∼
∫ 2k
1
(1 + log t)−1
dt
t
∼ ``(2k),
which yields that
V (2k)q ∼ 2−kq``(2k) for k > 0, k ∈ Z.
The proof is finished.
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Given a Banach couple A¯ = (A0, A1), the Gagliardo completion A
∼
j of Aj
is formed of all those a ∈ A0 +A1 for which there exists a bounded sequence
(an) in Aj which converges to a in A0 +A1. The norm in A
∼
j is given by
‖a‖A∼j = inf(an)
(
sup
n∈N
(‖an‖Aj )
)
(see [3, 2, 4]). Clearly Aj ↪→ A∼j ↪→ A0 +A1. By [2, Theorem 5.1.4] we have
‖a‖A∼0 = limt→∞K(t, a) and ‖a‖A∼1 = limt→0
K(t, a)
t
.
We put A∼ = (A∼0 , A
∼
1 ). According to [2, Theorem 5.1.5]
K(t, a;A0, A1) = K(t, a;A
∼
0 , A
∼
1 ), t > 0, a ∈ A0 +A1. (3.1)
The Banach couple A¯ is called mutually closed if Aj = A
∼
j for j = 0, 1.
We say that A¯ is regular if A0 ∩A1 is dense in Aj for j = 0, 1.
Theorem 3.2. Let A¯ = (A0, A1) be a Banach couple. Let A = (α0, α∞) ∈
R2 and 0 < q ≤ 1 such that α0 + 1/q < 0. Then we have with equivalence of
quasi-norms
(i) (A0, A1)1,q,A = (A
∼
0 , A
∼
1 )
J
1,q,A+1/q if α∞ + 1/q > 0,
(ii) (A0, A1)1,q,A = (A
∼
0 , A
∼
1 )
J
1,q,A+1/q,(0,1/q) if α∞ + 1/q = 0.
If in addition A¯ is regular, then
(iii) (A0, A1)1,q,A = (A
∼
0 , A
∼
1 )
J
1,q,(α0+1/q,0)
if α∞ + 1/q < 0.
Proof. It is enough to work with the couple (A∼0 , A
∼
1 ) because, by (3.1),
we know that (A0, A1)1,q,A = (A
∼
0 , A
∼
1 )1,q,A. Let a be any element of the J-
spaces of the statement and let a =
∑∞
k=−∞ uk be a discrete J-representation
of a. Since 0 < q ≤ 1, we have
K(2m, a)q ≤
( ∞∑
k=−∞
K(2m, uk)
)q
≤
∞∑
k=−∞
K(2m, uk)
q
≤
∞∑
k=−∞
[min(1, 2m−k)J(2k, uk)]q.
Hence
‖a‖(A0,A1)♦1,q,A =
( ∞∑
m=−∞
[2−m`A(2m)K(2m, a)]q
)1/q
≤
( ∞∑
k=−∞
J(2k, uk)
q
∞∑
m=−∞
[min(1, 2m−k)2−m`A(2m)]q
)1/q
.
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The interior sum can be estimated by using Lemma 3.1, with the outcome
that in any of the cases (i), (ii) and (iii), the J-space of the statement is
continuously embedded in (A∼0 , A
∼
1 )1,q,A.
Suppose now that a ∈ (A∼0 , A∼1 )1,q,A. In the cases (i) and (ii), it follows
from Lemma 2.2 that a ∈ Σ(A∼)◦. In the case (iii), the additional assump-
tion that A¯ is regular and [4, Corollary 2.2.23] imply that a ∈ Σ(A∼)◦ as well.
According to [37, Theorem 3.2] there exists a representation a =
∑∞
k=−∞ uk
(convergence in A∼0 +A
∼
1 ) with (uk) ⊆ A∼0 ∩A∼1 and( ∞∑
k=−∞
[min(1, 2m−k)J(2k, uk)]q
)1/q
≤ cK(2m, a), m ∈ Z, (3.2)
where c is a constant depending on q only. By Lemma 3.1 the weight in
front of J(2k, uk) in the discrete J-norm ‖a‖♦J is equivalent to V (2k) in any
of the cases (i), (ii) and (iii). Consequently,
‖a‖♦J .
( ∞∑
k=−∞
(V (2k)J(2k, uk))
q
)1/q
=
( ∞∑
m=−∞
2−mq`Aq(2m)
∞∑
k=−∞
min(1, 2m−k)qJ(2k, uk)q
)1/q
.
( ∞∑
m=−∞
[2−m`A(2m)K(2m, a)]q
)1/q
= ‖a‖(A0,A1)♦1,q,A
where the last inequality follows from (3.2). This completes the proof.
Remark 3.3. Let B¯ = (B0, B1) be a Banach couple. Under the assump-
tions on A and q in the case (iii) of Theorem 3.2, it follows from Example
2.1 and the previous discussion to Example 2.1 that (B0, B1)1,q,A may not
have a description in terms of the J-functional. However, if B¯ is regular then
the J-description does exist as we have just shown in Theorem 3.2/(iii).
Next we show other two equivalence results between K- and J-spaces
that will be useful later. They refers to the Banach case where 1 ≤ q ≤ ∞.
The first one extends [17, Theorem 5.7] allowing q to take the value 1 and
β0 be any number less than −1/q.
Theorem 3.4. Let A¯ = (A0, A1) be a Banach couple. Let 1 ≤ q ≤ ∞,
1/q + 1/q′ = 1 and α∞, β0 ∈ R such that{
α∞ + 1/q > 0 and β0 + 1/q < 0 if 1 ≤ q <∞,
α∞ > 0 and β0 < 0 if q =∞.
(3.3)
Then we have with equivalent norms
(A0, A1)1,q,(−1/q,α∞),(β0,0) = (A0, A1)
J
1,q,(1/q′,α∞+1),(β0+1,0) .
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Proof. Let us call for short A¯K to the K-space and A¯J to the J-space.
Assume that 1 ≤ q <∞. The case q =∞ can be treated analogously. Take
any a ∈ A¯J and let a =
∫∞
0 u(t)
dt
t be a J-representation of a such that(∫ 1
0
[
`1/q
′
(t)``β0+1(t)J(t, u(t))
t
]q
dt
t
+
∫ ∞
1
[
`α∞+1(t)J(t, u(t))
t
]q
dt
t
)1/q
≤ 2 ‖a‖A¯J .
Using that
1
t
K(t, a) ≤ 1
t
∫ ∞
0
K(t, u(s))
ds
s
≤ 1
t
∫ ∞
0
min(1, t/s)J(s, u(s))
ds
s
≤ 1
t
∫ t
0
J(s, u(s))
ds
s
+
∫ ∞
t
1
s
J(s, u(s))
ds
s
,
we obtain
‖a‖A¯K ≤
(∫ 1
0
[
(1− log t)−1/q(1 + log(1− log t))β0
t
∫ t
0
J(s, u(s))
ds
s
]q
dt
t
)1/q
+
(∫ 1
0
[
(1− log t)−1/q(1 + log(1− log t))β0
∫ 1
t
J(s, u(s))
s
ds
s
]q
dt
t
)1/q
+
(∫ 1
0
[
(1− log t)−1/q(1 + log(1− log t))β0
∫ ∞
1
J(s, u(s))
s
ds
s
]q dt
t
)1/q
+
(∫ ∞
1
[
(1 + log t)α∞
t
∫ 1
0
J(s, u(s))
ds
s
]q
dt
t
)1/q
+
(∫ ∞
1
[
(1 + log t)α∞
t
∫ t
1
J(s, u(s))
ds
s
]q
dt
t
)1/q
+
(∫ ∞
1
[
(1 + log t)α∞
∫ ∞
t
J(s, u(s))
s
ds
s
]q dt
t
)1/q
= I1 + I2 + I3 + I4 + I5 + I6.
Next we show that Ij . ‖a‖A¯J for j = 1, ..., 6. We start with I1 in the
special case q = 1. Taking any 0 < ε < 1 and using Fubini’s theorem, we
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get
I1 =
∫ 1
0
J(s, u(s))
∫ 1
s
(1− log t)−1(1 + log(1− log t))β0
t
dt
t
ds
s
.
∫ 1
0
J(s, u(s))
(1− log s)−1(1 + log(1− log s))β0
sε
∫ 1
s
tε−1
dt
t
ds
s
.
∫ 1
0
J(s, u(s))
(1− log s)−1(1 + log(1− log s))β0
s
ds
s
≤
∫ 1
0
J(s, u(s))
(1 + log(1− log s))β0+1
s
ds
s
. ‖a‖A¯J .
Consider now the case 1 < q < ∞. By Ho¨lder’s inequality, for the interior
integral in I1 we get∫ t
0
J(s, u(s))
ds
s
≤
(∫ t
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ds
s
)1/q
×
(∫ t
0
[
s`−1/q
′
(s)``−(β0+1)(s)
]q′ ds
s
)1/q′
. t`−1/q′(t)``−β0−1(t)
(∫ t
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ds
s
)1/q
.
Whence, by Fubini’s theorem,
I1 .
(∫ 1
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ∫ 1
s
[
`−1(t)``−1(t)
]q dt
t
ds
s
)1/q
.
(∫ 1
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ds
s
)1/q
. ‖a‖A¯J .
To estimate I2 when q = 1, since β0 + 1 < 0, using Fubini’s theorem, we get
I2 =
∫ 1
0
J(s, u(s))
s
∫ s
0
(1− log t)−1(1 + log(1− log t))β0 dt
t
ds
s
=
∫ 1
0
J(s, u(s))
s
(1 + log(1− log s))β0+1ds
s
. ‖a‖A¯J .
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If 1 < q <∞, taking ε > 0 such that β0 + 1 + 1/q < ε < 1, we obtain∫ 1
t
J(s, u(s))
s
ds
s
≤
(∫ 1
t
[
J(s, u(s))
s
`1/q
′
(s)``ε−1/q(s)
]q ds
s
)1/q
×
(∫ 1
t
`−1(s)``−εq
′+q′/q(s)
ds
s
)1/q′
. ``−ε+1(t)
(∫ 1
t
[
J(s, u(s))
s
`1/q
′
(s)``ε−1/q(s)
]q ds
s
)1/q
.
Hence, by Fubini’s theorem,
I2 .
(∫ 1
0
[
J(s, u(s))
s
`1/q
′
(s)``ε−1/q(s)
]q ∫ s
0
`−1(t)``(β0−ε+1)q(t)
dt
t
ds
s
)1/q
.
(∫ 1
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ds
s
)1/q
. ‖a‖A¯J .
As for I3, since β0 + 1/q < 0 and α∞ + 1/q > 0, for any 1 ≤ q < ∞, we
derive
I3 =
∫ ∞
1
J(s, u(s))
s
ds
s
(∫ 1
0
(1− log t)−1(1 + log(1− log t))β0q dt
t
)1/q
.
∫ ∞
1
J(s, u(s))
s
ds
s
.
(∫ ∞
1
[
J(s, u(s))
s
`α∞+1(s)
]q ds
s
)1/q (∫ ∞
1
`−(α∞+1)q
′
(s)
ds
s
)1/q′
.
(∫ ∞
1
[
J(s, u(s))
s
`α∞+1(s)
]q ds
s
)1/q
. ‖a‖A¯J .
Consider now I4 for any 1 ≤ q <∞. We obtain
I4 .
∫ 1
0
J(s, u(s))
ds
s
≤
(∫ 1
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ds
s
)1/q
×
(∫ 1
0
[
s`−1/q
′
(s)``−(β0+1)(s)
]q′ ds
s
)1/q′
.
(∫ 1
0
[
J(s, u(s))
s
`1/q
′
(s)``β0+1(s)
]q ds
s
)1/q
. ‖a‖A¯J .
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The integral I5 (respectively, I6) coincides with J4 (respectively, I4) in the
proof of [17, Theorem 3.5]. Therefore,
I5 .
(∫ ∞
1
[
J(s, u(s))
s
(1 + log s)α∞
]q ds
s
)1/q
. ‖a‖A¯J
and
I6 .
(∫ ∞
1
[
J(s, u(s))
s
(1 + log s)α∞+1
]q ds
s
)1/q
. ‖a‖A¯J .
This shows the embedding A¯J ↪→ A¯K .
Next we proceed with the converse embedding. Take any a ∈ A¯K . By
Lemma 2.2 and (2.10), we have that
min(1, 1/t)K(t, a)→ 0 as t→ 0 and as t→∞. (3.4)
For ν ∈ Z, we put
γν =

2−22
−ν−1
if ν < 0,
1 if ν = 0,
22
ν−1
if ν > 0.
We can decompose a = a0,ν + a1,ν with aj,ν ∈ Aj , j = 0, 1, such that
‖a0,ν‖A0 + γν−1 ‖a1,ν‖A1 ≤ 2K(γν−1, a), ν ∈ Z. (3.5)
Write
uν = a0,ν − a0,ν−1 = a1,ν−1 − a1,ν ∈ A0 ∩A1.
According to (3.5) we have∥∥∥∥∥a−
M∑
ν=N
uν
∥∥∥∥∥
A0+A1
≤ ‖a0,N−1‖A0 + ‖a1,M‖A1
. K(γN−2, a) +
K(γM−1, a)
γM−1
→ 0 as M →∞ and N → −∞
by (3.4). So a =
∑∞
ν=−∞ uν in A0 +A1.
Let Dν = (γν−1, γν ], ν ∈ Z. We have∫
Dν
dt
t
=
{
log 2 if ν = 1,
2ν−2 log 2 if ν > 1.
For ν ≤ 0 put
δν =
∫
Dν
(1− log t)−1(1 + log(1− log t))−1dt
t
∼ 1.
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Consider the function
w(t) =

uν
δν`(t)``(t)
if t ∈ Dν and ν ≤ 0,
u1
log 2 if t ∈ D1,
uν
2ν−2 log 2 if t ∈ Dν and ν > 1.
Then ∫ ∞
0
w(t)
dt
t
=
∞∑
ν=−∞
uν = a in A0 +A1.
If ν ≤ 0 and t ∈ Dν , using (3.5), we get
J(t, w(t))
t
∼ `−1(t)``−1(t)J(t, uν)
t
≤ `−1(t)``−1(t)J(γν−1, uν)
γν−1
. `−1(t)``−1(t)K(γν−2, a)
γν−2
.
Whence, (∫
Dν
[
`1/q
′
(t)``β0+1(t)
J(t, w(t))
t
]q dt
t
)1/q
. K(γν−2, a)
γν−2
(∫
Dν
[
`−1/q(t)``β0(t)
]q dt
t
)1/q
∼ K(γν−2, a)
γν−2
2|ν|(β0+1/q)
∼ K(γν−2, a)
γν−2
(∫
Dν−2
[
`−1/q(t)``β0(t)
]q dt
t
)1/q
≤
(∫
Dν−2
[
K(t, a)
t
`−1/q(t)``β0(t)
]q dt
t
)1/q
because t−1K(t, a) is a non-increasing function. If ν > 2, proceeding as in
[17, Theorem 3.5] we obtain
(∫
Dν
[
`α∞+1(t)
J(t, w(t))
t
]q dt
t
)1/q
.
(∫
Dν−2
[
K(t, a)
t
`α∞(t)
]q dt
t
)1/q
.
For ν = 1, 2 we derive
(∫
Dν
[
`α∞+1(t)
J(t, w(t))
t
]q dt
t
)1/q
.
(∫
Dν−2
[
`−1/q(t)``β0(t)
K(t, a)
t
]q dt
t
)1/q
.
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Consequently,
‖a‖A¯J ≤
(
0∑
ν=−∞
∫
Dν
[
`1/q
′
(t)``β0+1(t)
J(t, w(t))
t
]q dt
t
+
∞∑
ν=1
∫
Dν
[
`α∞+1(t)
J(t, w(t))
t
]q dt
t
)1/q
.
(∫ 1
0
[
K(t, a)
t
`−1/q(t)``β0(t)
]q dt
t
+
∫ ∞
1
[
K(t, a)
t
`α∞(t)
]q dt
t
)1/q
= ‖a‖A¯K .
This completes the proof.
The following result can be established by using similar arguments to
those of Theorem 3.4.
Theorem 3.5. Let A¯ = (A0, A1) be a Banach couple. Let 1 ≤ q ≤ ∞,
1/q + 1/q′ = 1 and α0, β∞ ∈ R such that{
α0 + 1/q < 0 and β∞ + 1/q > 0 if 1 ≤ q <∞,
α0 < 0 and β∞ > 0 if q =∞.
Then
(A0, A1)1,q,(α0,−1/q),(0,β∞) = (A0, A1)
J
1,q,(α0+1,1/q′),(0,β∞+1) .
Remark 3.6. Note the difference between the equivalence results in the
quasi-Banach case and in the Banach case: If 1 ≤ q ≤ ∞ the exponents of
the logarithms in the J-space in the equivalence theorems are obtained either
by adding an unit to the exponents of the K-space (see Theorems 3.4 and
3.5 and [17, Theorems 3.5 and 5.7]) or by adding an unit to the exponents
and multiplying by an iterated logarithm if t > 1 (see [17, Theorem 3.6]).
However, if 0 < q < 1 the correction may have three distinct shapes and
each one of them involves the parameter q. In this case, the exponents of
the logarithms in the J-space are obtained either adding the term 1/q to
the exponents of the K-space or adding 1/q to α0 and replacing α∞ by 0
or adding 1/q to the exponents and, moreover, multiplying by an iterated
logarithm to the power 1/q if t > 1 (see Theorem 3.2).
4. Duality
Let (E, ‖·‖) be a quasi-Banach space. Consider in E the semi-norm
‖x‖# = inf{
n∑
k=1
‖xk‖E : x =
n∑
k=1
xk}
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and let N = {x ∈ E : ‖x‖# = 0}. We designate as E# to the completion of
the quotient space E/N with the quotient norm induced by ‖x‖#.
As it is shown in [39, p.125], the dual space (E#)′ of E# coincides with
the dual of E:
(E#)′ = E′. (4.1)
Lemma 4.1. Let A¯ = (A0, A1) be a Banach couple. Let A = (α0, α∞) ,B =
(β0, β∞) ∈ R2 and 0 < q < 1 such that α∞ > 0, or α∞ = 0 and β∞ ≥ 0.
Then (
(A0, A1)
J
1,q,A,B
)#
= (A0, A1)
J
1,1,A,B .
Proof. Since `q ↪→ `1, the discrete representation of the J-spaces shows
that (A0, A1)
J
1,q,A,B ↪→ (A0, A1)J1,1,A,B. Hence, if a ∈ (A0, A1)J1,q,A,B and
a =
∑n
k=1 ak, using that (A0, A1)
J
1,1,A,B is a norm space, we obtain
‖a‖
(A0,A1)
J,♦
1,1,A,B
≤
n∑
k=1
‖ak‖(A0,A1)J,♦1,1,A,B ≤
n∑
k=1
‖ak‖(A0,A1)J,♦1,q,A,B .
Taking the infimum over all finite decompositions a =
∑n
k=1 ak of a in
(A0, A1)
J
1,q,A,B, it follows that
‖a‖
(A0,A1)
J,♦
1,1,A,B
≤ ‖a‖#
(A0,A1)
J,♦
1,q,A,B
.
In particular, we get that ‖·‖#
(A0,A1)
J,♦
1,q,A,B
is not only a semi-norm but a norm
and that (
(A0, A1)
J
1,q,A,B
)#
↪→ (A0, A1)J1,1,A,B . (4.2)
In order to establish the converse embedding, take any u ∈ A0 ∩A1 and
let δkm be the Kronecker delta. For any k ∈ Z, using the J-representation
u =
∑∞
m=−∞ δ
k
mu, we obtain
‖u‖
(A0,A1)
J,♦
1,q,A,B
≤ 2−k`A(2k)``B(2k)J(2k, u).
Let now a ∈ (A0, A1)J1,1,A,B and take any J-representation a =
∑∞
m=−∞ um
of a. The previous estimate yields that
M∑
m=N
‖um‖#
(A0,A1)
J,♦
1,q,A,B
≤
M∑
m=N
‖um‖(A0,A1)J,♦1,q,A,B
≤
M∑
m=N
2−m`A(2m)``B(2m)J(2m, um).
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It follows that the series
∑∞
m=−∞ um is convergent in
(
(A0, A1)
J
1,q,A,B
)#
.
The sum of the series should be also a because of the embedding (4.2).
Therefore,
‖a‖#
(A0,A1)
J,♦
1,q,A,B
≤
∞∑
m=−∞
‖um‖#
(A0,A1)
J,♦
1,q,A,B
≤
∞∑
m=−∞
2−m`A(2m)``B(2m)J(2m, um).
This yields the embedding
(A0, A1)
J
1,1,A,B ↪→
(
(A0, A1)
J
1,q,A,B
)#
and completes the proof.
Next we show the corresponding result for K-spaces.
Theorem 4.2. Let A¯ = (A0, A1) be a Banach couple. Let A = (α0, α∞)
and 0 < q < 1 such that α0 + 1/q < 0. Then we have:
(i) if α∞ + 1/q > 0, (A0, A1)
#
1,q,A = (A0, A1)1,1,A+1/q−1,
(ii) if α∞ + 1/q = 0, (A0, A1)
#
1,q,A = (A0, A1)1,1,(α0+1/q−1,−1),(0,1/q−1),
(iii) if α∞ + 1/q < 0 and, in addition, A¯ is regular and δ < −1, then
(A0, A1)
#
1,q,A = (A0, A1)1,1,(α0+1/q−1,δ).
Proof. For the case (i), according to Theorem 3.2, Lemma 4.1 and (3.1),
we derive
(A0, A1)
#
1,q,A =
(
(A∼0 , A
∼
1 )
J
1,q,A+1/q
)#
= (A∼0 , A
∼
1 )
J
1,1,A+1/q
= (A∼0 , A
∼
1 )1,1,A+1/q−1 = (A0, A1)1,1,A+1/q−1 .
For the case (ii), we proceed similarly but using also Theorem 3.5. We
obtain
(A0, A1)
#
1,q,A =
(
(A∼0 , A
∼
1 )
J
1,q,(α0+1/q,0),(0,1/q)
)#
= (A∼0 , A
∼
1 )
J
1,1,(α0+1/q,0),(0,1/q)
= (A0, A1)1,1,(α0+1/q−1,−1),(0,1/q−1) .
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Finally, in the case (iii), we have, by Theorem 3.2 and Lemma 4.1,
(A0, A1)
#
1,q,A =
(
(A∼0 , A
∼
1 )
J
1,q,(α0+1/q,0)
)#
= (A∼0 , A
∼
1 )
J
1,1,(α0+1/q,0)
= (A0, A1)1,1,(α0+1/q−1,δ) .
In what follows we assume that A¯ is regular. Then the dual space A′j
of Aj is continuously embedded in (A0 ∩ A1)′ and so (A′0, A′1) is a Banach
couple too.
Note that the several instances shown in Theorem 4.2 do not appear
when 0 < θ < 1. Indeed, it follows from [7, Theorem 3.1] (see also [34,
Corollary 2]) that for 0 < q < 1 and (α0, α∞) ∈ R2 we have
(A0, A1)
#
θ,q,(α0,α∞) = (A0, A1)θ,1,(α0,α∞) . (4.3)
Equalities (4.1), (4.3) and [19, Theorem 3.1] (or [40, Theorem 2.4]) yield(
(A0, A1)θ,q,(α0,α∞)
)′
=
(
A′0, A
′
1
)
θ,∞,(−α∞,−α0) . (4.4)
Next we proceed to determine the dual of (A0, A1)1,q,A for 0 < q < 1. Our
arguments are based on the previous results of this paper and the duality
theorems for the case q = 1 established by Cobos and Segurado [17].
Theorem 4.3. Let A¯ = (A0, A1) be a regular Banach couple. Let A =
(α0, α∞) and 0 < q < 1 such that α0 + 1/q < 0. Then for the dual space W
of (A0, A1)1,q,A we have:
(i) if α∞ + 1/q > 0, then W = (A′0, A′1)1,∞,(−α∞−1/q,−α0−1/q) ;
(ii) if α∞ + 1/q = 0, then W = (A′0, A′1)1,∞,(0,−α0−1/q),(−1/q,0);
(iii) if α∞ + 1/q < 0, then W = A′1 ∩ (A′0, A′1)1,∞,(−1,−α0−1/q).
Proof. In the case (i), according to (4.1) and Theorem 4.2, we obtain
W =
(
(A0, A1)
#
1,q,A
)′
=
(
(A0, A1)1,1,A+1/q−1
)′
.
The last dual space has been determined in [17, Theorem 5.6] with the result
that W = (A′0, A′1)1,∞,(−α∞−1/q,−α0−1/q).
For the case (ii), applying Theorem 4.2 and [19, Theorem 3.1], we get
W =
(
(A0, A1)1,1,(α0+1/q−1,−1),(0,1/q−1)
)′
=
(
A′0, A
′
1
)J
1,∞,(1,−α0−1/q+1),(−1/q+1,0) .
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We can describe the J-space in terms of the K-functional by using Theorem
3.4. We derive that
W =
(
A′0, A
′
1
)
1,∞,(0,−α0−1/q),(−1/q,0) .
In the last case (iii), take any δ < −1. Using Theorem 4.2 we obtain
W =
(
(A0, A1)1,1,(α0+1/q−1,δ)
)′
and, by [17, Theorem 5.10], we get
W = A′1 ∩
(
A′0, A
′
1
)
1,∞,(−1,−α0−1/q) .
Remark 4.4. The corresponding duality results for (A0, A1)0,q,A can be
derived from Theorem 4.3 by using (2.1).
Remark 4.5. Let L(p,q;A,B) be the generalized Lorentz-Zygmund (GLZ) space
as defined in [38, Definition 3.3]. We put L(p,q;A) = L(p,q;A,B) if B = (0, 0).
We write X∗ for the associate space (see [38, page 396]) of the GLZ space
X. Then, by [38, Theorems 6.6 (ii) and 3.8], if 0 < q < 1 and α0 + 1/q <
0 < α∞ + 1/q, we have
(L(∞,q;A))∗ = L(1,∞;−A−1/q) .
Moreover (cf., e.g., [24, Lemma 8.3] and [38, Theorem 3.8]),
L(∞,q;A) = (L1, L∞)1,q,A ,
and
L(1,∞;−A−1/q) = (L1, L∞)0,∞,−A−1/q = (L∞, L1)1,∞,(−α∞−1/q,−α0−1/q)
= (L∗1, L
∗
∞)1,∞,(−α∞−1/q,−α0−1/q) .
Consequently,(
(L1, L∞)1,q,A
)∗
= (L∗1, L
∗
∞)1,∞,(−α∞−1/q,−α0−1/q) ,
which corresponds to the result on dual spaces in Theorem 4.3 (i) provided
that A0 = L1 and A1 = L∞ if we disregard the fact that (L1, L∞) is not a
regular couple.
Similarly, such a correspondence can be verified in the remaining cases
of Theorem 4.3.
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5. Applications to Function Spaces
Besov spaces with logarithmic smoothness are attracting considerable at-
tention in recent years (see, for example, the papers by Caetano, Gogatishvili
and Opic [5], Cobos and Domı´nguez [8, 9, 10], Cobos, Domı´nguez and Triebel
[12] or Cobos, Domı´nguez and Ku¨hn [11]). These spaces are very near to
the Lebesgue space Lp but they have additional properties than Lp due to
their smoothness and their structure of Besov spaces (see, for example, [8,
Theorem 5.1] ). There are two natural ways to introduce them that we
review next.
Let f be a (complex-valued) function on Rd, let h ∈ Rd and 1 < p <∞.
If f belongs to Lp, the modulus of smoothness of f is defined by
ω(f, t)p = sup{‖f(·+ h)− f(·)‖Lp : |h| ≤ t}.
For 0 < q ≤ ∞ and −∞ < b < ∞, the Besov space B0,bp,q is formed by all
f ∈ Lp having a finite quasi-norm
‖f‖
B0,bp,q
= ‖f‖Lp +
(∫ 1
0
[(1− log t)bω(f, t)p]q dt
t
)1/q
(see [20, 9, 12]). The case of interest is b ≥ −1/q because if b < −1/q then∫ 1
0 (1 − log t)bqdt/t < ∞ and so B0,bp,q = Lp with equivalence of quasi-norms.
Also B0,0p,∞ = Lp.
Note that B0,bp,q has zero classical smoothness and logarithmic smoothness
with exponent b. We put B0p,q = B
0,b
p,q = Lp when b = 0.
Similar spaces may be introduced by following the Fourier analytic ap-
proach as we recall now. Let S and S ′ be the Schwartz space of all (complex-
valued) rapidly decreasing infinitely differentiable functions on Rd, and the
space of tempered distributions on Rd, respectively. We write F for the
Fourier transform on S ′ and F−1 for the inverse Fourier transform. Take
ϕ0 ∈ S such that
supp ϕ0 ⊂ {x ∈ Rd : |x| ≤ 2} and ϕ0(x) = 1 if |x| ≤ 1.
For j ∈ N and x ∈ Rd let ϕj(x) = ϕ0(2−jx) − ϕ0(2−j+1x). The sequence
(ϕj)
∞
j=0 is a smooth dyadic resolution of unity.
For 1 < p < ∞, 0 < q ≤ ∞ and b ∈ R, the Besov space B0,bp,q consists of
all f ∈ S ′ having a finite quasi-norm
‖f‖
B0,bp,q
=
 ∞∑
j=0
[(1 + j)b
∥∥F−1(ϕjFf)∥∥Lp ]q
1/q
(see [36, 13, 30]). Again if b = 0, we simply write B0p,q.
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Spaces B0,bp,q and B
0,b
p,q are different but they are closely related as it is
shown in [9, Theorem 3.3] and [10, Theorem 3.2]. Duality for these spaces
has been studied in [9, Section 4] for the Banach case 1 ≤ q <∞. Next we
consider the quasi-Banach case 0 < q < 1. We start with the spaces B0,bp,q.
Peetre [39, Example 3.2] showed that if b = 0 then
(
B0p,q
)′
= B0p′,∞ if
1 < p < ∞, 1/p + 1/p′ = 1 and 0 < q < 1. The corresponding formula for
b 6= 0 is as follows.
Theorem 5.1. Let 1 < p <∞, 1/p+ 1/p′ = 1, 0 < q < 1 and b ∈ R. Then(
B0,bp,q
)′
= B0,−bp′,∞.
Proof. LetHsp be the fractional Sobolev space. We recall that (H
s
p)
′ = H−sp′
(see [42, Theorem 2.6.1]). It follows from [13, Theorem 5.3 and Remark 5.4]
that B0,bp,q =
(
H−1p , H1p
)
1/2,q,(b,b)
. Consequently, using (4.4) and again [13,
Theorem 5.3], we obtain(
B0,bp,q
)′
=
((
H−1p , H
1
p
)
1/2,q,(b,b)
)′
=
(
H1p′ , H
−1
p′
)
1/2,∞,(−b,−b)
= B0,−bp′,∞.
Next we determine the dual of spaces B0,bp,q with the help of logarithmic
Lipschitz spaces Lip
(1,−α)
p,∞ studied by Haroske in [27, 28] (see also [22, p.149])
and the references given there.
For 1 < p < ∞ and α ≥ 0, the space Lip(1,−α)p,∞ consists of all functions
f ∈ Lp having a finite norm
‖f‖
Lip
(1,−α)
p,∞
= ‖f‖Lp + sup
0<t<1
(
ω(f, t)p
t(1− log t)α
)
.
For s ∈ R, we denote by Is the lift operator defined by
Isf = F−1(1 + |x|2)s/2Ff.
Theorem 5.2. Let 1 < p <∞, 1/p+ 1/p′ = 1, 0 < q < 1 and b+ 1/q > 0.
The space
(
B0,bp,q
)′
is formed by all f ∈ H−1p′ such that I−1f ∈ Lip(1,−b−1/q)p′,∞ .
Moreover
‖f‖(
B0,bp,q
)′ ∼ ‖I−1f‖Lip(1,−b−1/q)
p′,∞
.
Proof. Consider the Banach couple formed by the Sobolev space W 1p and
Lp. By [2, Theorem 5.4.12], we get
K(t, f ;W 1p , Lp) = tK(t
−1, f ;Lp,W 1p ) ∼ min(1, t) ‖f‖Lp + tω(f, t−1)p.
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Take any τ with τ + 1/q < 0. Using (2.5), we obtain that
B0,bp,q =
(
W 1p , Lp
)
1,q,(τ,b)
.
Applying Theorem 4.3 and having in mind that (Hsp)
′ = H−sp′ , we derive
that (
B0,bp,q
)′
=
(
H−1p′ , Lp′
)
1,∞,(−b−1/q,−τ−1/q)
.
On the other hand, since I−1 : Hsp′ → Hs+1p′ is bijective and bounded, we
have
K(t, f ;H−1p′ , Lp′) ∼ K(t, I−1f ;Lp′ ,W 1p′) ∼ min(1, t) ‖I−1f‖Lp′ +ω(I−1f, t)p′ .
Therefore, using (2.4), we conclude
‖f‖(
B0,bp,q
)′ ∼ sup
0<t<1
(
K(t, f ;H−1p′ , Lp′)
t(1− log t)b+1/q
)
∼ ‖I−1f‖Lp′ + sup0<t<1
(
ω(I−1f, t)p′
t(1− log t)b+1/q
)
= ‖I−1f‖Lip(1,−b−1/q)
p′,∞
.
For the special case b = 0 we obtain the following.
Corollary 5.3. Let 1 < p < ∞, 1/p + 1/p′ = 1 and 0 < q < 1. The space(
B0p,q
)′
is formed by all f ∈ H−1p′ such that I−1f ∈ Lip(1,−1/q)p′,∞ . Moreover
‖f‖(B0p,q)′ ∼ ‖I−1f‖Lip(1,−1/q)p′,∞ .
Remark 5.4. As follows from Theorem 5.1, the dual of B0,bp,q does not de-
pend on q for 0 < q < 1. However this is not the case for the space B0,bp,q.
Moreover, Theorem 5.2 point out a remarkable difference between the dual
of B0,bp,q in the quasi-Banach case 0 < q < 1 and the dual in the Banach case
1 ≤ q <∞ described in [9, Theorem 4.3]: ‖f‖(
B0,bp,q
)′ ∼ ‖I−1f‖Lip(1,−b−1)
p′,q′
.
As one can see, the role of q when 0 < q < 1 is in the exponent, −b−1/q,
of the logarithm in the associated Lipschitz space, while in the Banach case
that exponent has the constant value −b− 1 and q has a role in the second
index, q′, of the Lipschitz space.
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6. Applications to Operator Spaces
Let H be a Hilbert space and let L(H) be the Banach space of all
bounded linear operators acting from H into H. For T ∈ L(H), the singular
numbers of T are defined by
sn(T ) = inf{‖T −R‖L(H) : R ∈ L(H) with rank R < n}, n ∈ N.
Let S∞ be the subspace of L(H) formed by all compact operators and
for 1 ≤ p <∞ let Sp be the Schatten p-class, formed by all those T ∈ L(H)
having a finite norm
‖T‖Sp =
( ∞∑
n=1
sn(T )
p
)1/p
(see [25, 29]). The so-called Macaev ideals SΠ, S∞,1 are defined as the col-
lection of all T ∈ L(H) which have a finite norm
‖T‖SΠ = sup
{
(1 + log n)−1
n∑
k=1
sk(T ) : n ∈ N
}
,
‖T‖S∞,1 =
∞∑
n=1
sn(T )n
−1,
respectively (see [33, 25, 1, 18]). We have the following continuous embed-
dings
S1 ↪→ S◦Π ↪→ SΠ ↪→ Sq ↪→ S∞,1 ↪→ S∞ ↪→ L(H).
Here 1 < q < ∞ and S◦ stands for the closure in the space S of the set of
all finite rank operators in H. Furthermore, the following duality formulae
hold
(S1)
′ = L(H) and (Sp)′ = Sp′ for 1 < p ≤ ∞, 1/p+ 1/p′ = 1, (6.1)
(S◦Π)
′ = S∞,1 and (S∞,1)′ = SΠ, (6.2)
(see [25, Theorems III.12.3 and III.15.2]).
The space S∞,1 is a member of the scale
S∞,q,b =
T ∈ L(H) : ‖T‖S∞,q,b =
( ∞∑
n=1
[(1 + log n)bsn(T )]
qn−1
)1/q
<∞

where 0 < q ≤ ∞, b+1/q ≥ 0 if q <∞ and b > 0 if q =∞ because otherwise
the space is equal to L(H). Theses spaces make sense even for operators
between Banach spaces provided that we replace the singular numbers by
the approximation numbers. They have been studied in [6, 15] among other
papers.
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Associated to SΠ we may consider the scale
SΠ,q,b =
T ∈ L(H) : ‖T‖SΠ,q,b =
( ∞∑
n=1
[(1 + log n)b
n∑
k=1
sk(T )]
qn−1
)1/q
<∞

where b+ 1/q < 0 if q <∞ and b ≤ 0 if q =∞ because otherwise the space
is just {0}.
All these spaces can be obtained by interpolation between S1 and S∞
by using logarithmic interpolation methods as we show next.
Lemma 6.1. Let 0 < q ≤ ∞ and b, η ∈ R.
(i) If b+ 1/q < 0 ≤ η+ 1/q and q <∞, or b ≤ 0 < η and q =∞, then we
have, with equivalent quasi-norms,
(S∞, S1)1,q,(b,η) = SΠ,q,b.
(ii) If η+ 1/q < 0 ≤ b+ 1/q and q <∞, or η ≤ 0 < b and q =∞, then we
have, with equivalent quasi-norms,
(S1, S∞)1,q,(η,b) = S∞,q,b.
Proof. Since S1 ↪→ S∞ and
K(n−1, T ;S∞, S1) = n−1
n∑
k=1
sk(T ), n ∈ N (6.3)
(see [41, 35, 42]), using (2.4) we obtain
‖T‖(S∞,S1)1,q,(b,η) ∼
(∫ 1
0
[t−1(1− log t)bK(t, T )]q dt
t
)1/q
∼
( ∞∑
n=1
∫ 1/n
1/(n+1)
[t−1(1− log t)bK(t, T )]q dt
t
)1/q
∼
( ∞∑
n=1
[(1 + log n)b
n∑
k=1
sk(T )]
qn−1
)1/q
∼ ‖T‖SΠ,q,b .
26
To prove (ii), we use (2.5) obtaining that
‖T‖(S1,S∞)1,q,(η,b) ∼
(∫ ∞
1
[t−1(1 + log t)bK(t, T )]q
dt
t
)1/q
∼
( ∞∑
n=1
∫ n+1
n
[t−1(1 + log t)bK(t, T )]q
dt
t
)1/q
∼
( ∞∑
n=1
[(1 + log n)b
1
n
n∑
k=1
sk(T )]
qn−1
)1/q
∼
( ∞∑
n=1
[(1 + log n)bsn(T )]
qn−1
)1/q
= ‖T‖S∞,q,b ,
where we have used the generalized Hardy’s inequality established in [16,
Theorem 1.2] for the last equivalence.
Remark 6.2. Under the assumptions of Lemma 6.1, according to Lemma
2.2, we have
(L(H), S1)1,q,(b,η) ⊆ S∞, (S1,L(H))1,q,(η,b) ⊆ S∞.
Since S1 ↪→ S∞ ↪→ L(H), it is easy to check that
K(t, T ;S1,L(H)) = K(t, T ;S1, S∞), T ∈ S∞.
Therefore, under the assumptions on b, q, η as in Lemma 6.1, we also have
(L(H), S1)1,q,(b,η) = SΠ,q,b, (S1,L(H))1,q,(η,b) = S∞,q,b.
We close the paper by showing the duality relationships between these
two scales of spaces.
Theorem 6.3. Let 0 < q ≤ ∞ and b ∈ R with b+ 1/q < 0. Then we have
(i) (SΠ,q,b)
′ = S∞,∞,−b−1/q if 0 < q < 1,
(ii) (SΠ,q,b)
′ = S∞,q′,−b−1 if 1 ≤ q <∞, 1/q + 1/q′ = 1,
(iii)
(
S◦Π,∞,b
)′
= S∞,1,−b−1.
Proof. By Lemma 6.1, we know that SΠ,q,b = (S∞, S1)1,q,(b,0). Hence, if
0 < q < 1, according to (6.1), Theorem 4.3/(i) and Remark 6.2, we obtain
(SΠ,q,b)
′ = (S1,L(H))1,∞,(−1/q,−b−1/q) = S∞,∞,−b−1/q.
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If 1 ≤ q <∞, we proceed similarly but using now [17, Theorem 5.6]. Finally,
if q =∞, we get by [17, Theorem 5.9](
S◦Π,∞,b
)′
=
(
(S∞, S1)◦1,∞,(b,1)
)′
= (S1,L(H))1,1,(−2,−b−1) = S∞,1,−b−1.
Theorem 6.4. Let 0 < q ≤ ∞ and 0 < b+ 1/q. Then we have
(i) (S∞,q,b)′ = SΠ,∞,−b−1/q if 0 < q < 1,
(ii) (S∞,q,b)′ = SΠ,q′,−b−1 if 1 ≤ q <∞, 1/q + 1/q′ = 1,
(iii) (S◦∞,∞,b)
′ = SΠ,1,−b−1.
Proof. For 0 < q < 1, according to Lemma 6.1, Theorem 4.3/(i) and
Remark 6.2, we derive
(S∞,q,b)′ =
(
(S1, S∞)1,q,(−2/q,b)
)′
= (L(H), S1)1,∞,(−b−1/q,1/q) = SΠ,∞,−b−1/q.
The case 1 ≤ q < ∞ is similar but using [17, Theorem 5.6]. If q = ∞, by
Lemma 6.1 and [17, Theorem 5.9], we obtain
(S◦∞,∞,b)
′ =
(
(S1, S∞)◦1,∞,(−1,b)
)′
= (L(H), S1)1,1,(−b−1,0) = SΠ,1,−b−1.
Since SΠ = SΠ,∞,−1 and S∞,1 = S∞,1,0, formulae (6.2) follows from
Theorems 6.3 and 6.4.
Remark 6.5. Looking at the statements of Theorems 6.3 and 6.4 one can
see that the exponent of the logarithm depends on q when 0 < q < 1, while
this is not the case for 1 ≤ q ≤ ∞.
The dual of the space S∞,q,−1/q does not belong to the scale of spaces
SΠ,p,b. We compute it in the case 0 < q < 1.
Theorem 6.6. Let 0 < q < 1. Then (S∞,q,−1/q)′ coincides with the collec-
tion of all T ∈ L(H) which have a finite norm
‖T‖ = sup
{
(1 + log(1 + log n))−1/q
n∑
k=1
sk(T ) : k ∈ N
}
.
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Proof. Since S∞,q,−1/q = (S1, S∞)1,q,(−2/q,−1/q), it follows from Theorem
4.3/(ii) that
(S∞,q,−1/q)′ = (L(H), S1)1,∞,(0,1/q),(−1/q,0).
In order to identify this interpolation space, we observe thatK(t, T ;L(H), S1) =
‖T‖L(H) for t ≥ 1. Hence,
sup
{
t−1K(t, T )`1/q(t) : t ≥ 1} ∼ ‖T‖L(H) .
Consequently, using (6.3), we derive
‖T‖(L(H),S1)1,∞,(0,1/q),(−1/q,0)
∼ sup{t−1K(t, T ;L(H), S1)``−1/q(t) : 0 < t < 1}
= sup{K(s, T ;S1,L(H))``−1/q(s) : 1 < s <∞}
∼ sup
{
(1 + log(1 + log n))−1/q
n∑
k=1
sk(T ) : n ∈ N
}
.
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